The signal velocity of a unit-step-function-modulated signal with a constant carrier frequency wc that is propagating in a linear dispersive medium with absorption (the Lorentz medium) is determined through numerical simulation and compared with that predicted by rigorous asymptotic theory. The exceptional agreement between these purely numerical results and the asymptotic theory, including the bifurcation of the signal velocity at carrier frequencies well above the medium resonance frequency, serve to validate completely both the description of the signal arrival afforded by the asymptotic theory and the physical propriety of this velocity measure in dispersive pulse propagation for input pulses with an instantaneous turn-on time.
The signal velocity of a unit-step-function-modulated signal with a constant carrier frequency wc that is propagating in a linear dispersive medium with absorption (the Lorentz medium) is determined through numerical simulation and compared with that predicted by rigorous asymptotic theory. The exceptional agreement between these purely numerical results and the asymptotic theory, including the bifurcation of the signal velocity at carrier frequencies well above the medium resonance frequency, serve to validate completely both the description of the signal arrival afforded by the asymptotic theory and the physical propriety of this velocity measure in dispersive pulse propagation for input pulses with an instantaneous turn-on time.
INTRODUCTION
A quantity of fundamental importance to the physical description of dispersive pulse propagation in a causal medium is the signal velocity. This important velocity measure was first introduced by Sommerfeld' and Brillouin 2 . 3 in 1914, using the asymptotic method of steepest descents to describe the propagation of a unit-step-function-modulated signal of constant carrier frequency coc in a single-resonance Lorentz medium. Because of the unnecessary constraint imposed on the deformed contour of integration in their analysis, the signal arrival was defined to occur when the path of steepest descent crossed the simple pole singularity at w = wc in the initial envelope spectrum. This then resulted in a frequency dependence of the signal velocity that erroneously peaks to the vacuum speed of light c near the resonance frequency wo of the medium and that is incomplete in its description for applied signal frequencies above wo. This was corrected in part by Baerwald, 4 who showed in 1930 that the signal velocity reaches a minimum near the resonance frequency; these results were also presented by Brillouin in his book. 3 In a more recent consideration of the signal velocity, 5 it was concluded that the measurable signal velocity should lie somewhere between the values predicted by Brillouin and Baerwald. However, no clear physical interpretation of the signal arrival is provided by these descriptions. In a lossless medium with dispersion the signal arrival appears in the field evolution as a pronounced increase in the field amplitude to a level above that of the precursor fields, much in the same way that the field amplitude in Fresnel diffraction phenomena increases when the observation point is moved from the geometrical shadow to the geometrical region of illumination.r' 0 The more-recent calculations of Barakat' 1 were focused on the signal properties of ultrashort-pulse propagation in a dispersive medium without absorption, with similar results. Such is not the case in a causal dispersive medium, in which the precursor fields may easily be comparable in amplitude with that of the steady-state field. Because of the ambiguity in physically measuring the precise point in the field evolution at which such a transition is made from the precursor field evolution to the signal evolution, 5 the signal velocity has been criticized by some authors' 2 "1 3 as either not being a useful physical quantity or simply not agreeing with their experimental observations. 4 The most recent analysis' 5 -' 7 of linear dispersive pulse propagation in a Lorentz medium by using modern asymptotic techniques resulted in significant quantitative improvements in the entire description of the dynamical field evolution and, in addition, yielded precise, correct definitions of the signal arrival and the resultant signal velocity. This asymptotic description of the propagated field relies on Olver's saddle-point method,' 8 in which the deformed contour of integration no longer is constrained to lie along the path of steepest descent through the relevant saddle points. Because of this result, the signal arrival was redefined to occur when a transition in asymptotic dominance was made between the dominant saddle point and the residue of the simple pole singularity at = c. It was found that the resultant frequency dependence of the signal velocity then reaches a minimum level slightly above the resonance frequency of the single-resonance Lorentz medium, in agreement with Baerwald's result, and also bifurcates into an anterior presignal, a posterior presignal, and a main signal velocity for applied carrier frequencies xc > WSB, where SB > Wo. In addition, the frequency dependence of the energytransport velocity for a time-harmonic field of frequency c in a single-resonance Lorentz medium, as derived by Loudon, ' 9 was found to be in excellent agreement with the upper branches of the signal-velocity curves for applied signal frequencies in either of the two frequency intervals 0 < coc < wo and wc > WSB.-1 6 1 7 Similar agreement was also obtained for the case of a double-resonance Lorentz medium. 2 0 2 ' This direct correlation between the signal velocity of a pulsed field and the energy-transport velocity of a time-harmonic field in a Lorentz medium has led to a new physical model of linear dispersive pulse propagation 2 2 that supplants the previous group-velocity description, which becomes inadequate in cases of dispersive media with absorption.
In the present paper we focus on a numerical experiment for the determination of the signal velocity for a unit-stepfunction-modulated signal of carrier frequency w, that is propagating in a single-resonance Lorentz medium. The signal velocity is determined here solely from the calculated propagated field structure through the numerically measured instantaneous angular frequency of oscillation of the field. This physical measure of the signal velocity, together with its complete agreement with the frequency behavior predicted by the modern asymptotic theory, serves to prove the physical propriety of this velocity measure in lineardispersive-pulse-propagation phenomena.
PHYSICAL MEASURE OF THE SIGNAL VELOCITY
In a single-resonance Lorentz medium with complex index of refraction
the propagated plane-wave field that is due to an input unitstep-function-modulated signal with carrier frequency w is
given by the integral representations periods of transition, giving a continuous asymptotic description of the time evolution of the total propagated field for large z. The dynamical field evolution that is due to an input unit-step-function-modulated signal is found to depend on whether the carrier frequency coc is greater or less than the real frequency value,15,' Two of the terms become important at the same time during is a fairly accurate approximation for this 0 value.
Consider first the dynamical evolution of the field as a function of the space-time parameter when cw < SBInitially the distant saddle points are the dominant contribution to the asymptotic behavior of the propagated field for 1 < 0 < SB and yield the Sommerfeld precursor evolution. Because these saddle points are located at infinity just below the real frequency axis when 0 = 1 and approach the outer branch points of the complex index of refraction [Eq. (2.1)] as 0 -a, the instantaneous angular frequency of oscillation of the Sommerfeld precursor decreases monotonically from infinity at 0 = 1 and approaches the value (1 2 -62)1/2 asymptotically from above as 0 increases indefinitely. 17 Over the space-time interval OSB < 0 < 01, for which the upper near saddle point along the imaginary frequency axis is the dominant contribution, and over the space-time interval 0 < 0 < 0, the two near saddle points are the dominant contributions to the asymptotic behavior of the propagated field and yield the Brillouin precursor evolution. Because the upper near saddle point is situated initially along the positive imaginary axis, is at the origin at 0 = 00, descends along the negative imaginary axis for Oo < 0 < 01, and coalesces with the lower near saddle point when 0 = 01, after which both near saddle points symmetrically move off the imaginary axis and approach the inner branch points of Eq. (2.1) as 0 -a , the instantaneous angular frequency of field. Over this interval the main signal evolves with a fixed angular frequency of oscillation equal to the input carrier frequency coc of the unit-step-function-modulated signal.
The precise value of O, is defined by the equation' 5 "1 The velocity at which this transition point in the field evolution propagates is then given by c Vc =-0C (2.12) and is called the main signal velocity. This point is characterized physically in the total field evolution by the instantaneous frequency of oscillation. For 0 < 0, the field is dominated either by the Sommerfeld precursor whose instantaneous angular frequency s satisfies the inequality s > SB or by the Brillouin precursor whose instantaneous angular frequency WB either approaches co, from below as 0 approach-
Hence it is only for 0 > Oc that the field oscillates predominantly at the input carrier frequency c of the signal. The value of O, may therefore be measured numerically (experimentally) by determining the space-time point at which the field first begins to oscillate physically at co = c. Consider finally the dynamical field evolution for xc > coSB. The total field evolution then begins with the Sommerfeld precursor, which dominates the field evolution over the oscillation of the Brillouin precursor is zero for SB < 0 01 and then increases monotonically for 0 > 01 and approaches the value (coo 2 -62)1/2 asymptotically from below as 0 increases indefinitely.' 7 During the transition from the Sommerfeld to the Brillouin precursor field there is a 0 interval about the point 0 = SB over which the total field is given by the superposition of these two precursor fields and the instantaneous frequency of oscillation of the total field undergoes a rapid change from the high-frequency value near SB associated with the Sommerfeld precursor to the zero-frequency value associated with the initial evolution of the Brillouin precursor. Finally, over the space-time interval 0 > 0, the simple pole contribution at c = c is the dominant contribution to the asymptotic behavior of the propagated 1 < O < OSB, (2.13) the distant saddle points are of equal asymptotic dominance with the simple pole singularity at = c. This pole contribution is the dominant contribution to the asymptotic behavior of the propagated field over the space-time interval 0 c1 < 0 < Oc2. At 0 = 0 c2, Where" 7 X(coSP 1 , 0C2) = X(Wco), OSB < 0C2 < 00, (2.14) the pole contribution is of equal asymptotic dominance with the upper near saddle point along the imaginary frequency axis. The Brillouin precursor then dominates the field evolution over the space-time interval 0c2 < 0 < Oc. At 0 = Oc, for which 0C is given by Eq. (2.1i), the near saddle points are of equal asymptotic dominance with the simple pole singularity at c = wc. This pole contribution is then the dominant contribution to the asymptotic behavior of the propagated field for all 0 > Oc.
The velocity at which the transition point at 0 = 0c, in the field evolution propagates is given by = ecl > SB (2.15) and is called the anterior presignal velocity; the velocity at which the transition point at 0 = C2 in the field evolution propagates at is given by c Vc2 = -c°C ,2 cc > & ) SB (2.16) and is called the posterior presignal velocity; and the veloci-
Oughstun et al. ing Laplace-transform-type integrals that is described in a companion paper. 23 The results are displayed most conveniently as a function of 0, since critical aspects of the field evolution are then independent of the propagation distance.
Let A0j = 0j+i -Oj represent the absolute difference between the 0 values at successive zero crossings in the calculated field evolution at a given value of the propagation distance. The associated period for a monochromatic field with this zero-crossing spacing is then given by velocity.' 7 These points are characterized physically in the total field evolution by the instantaneous angular frequency of oscillation. For < 0S, the field is dominated by the Sommerfeld precursor whose instantaneous oscillation frequency cs approaches co from above as 0 approaches cl.
For all 0 in the space-time interval 0A, < 0 < OC2 the field oscillates predominantly at the input carrier frequency xc of the signal. This portion of the signal evolution is interrupted by the Brillouin precursor, which dominates the field evolution over the space-time interval 0 c, < 0 < 0, and is characterized by an instantaneous oscillation frequency that is below the resonance frequency c 0 of the medium and hence is well below xc. The velocities vc, and Vc2 are then seen to be the velocities at which the front and the back of a so-called prepulse propagates through the medium. This prepulse is physically separated from the main body of the pulse by the Brillouin precursor evolution. The main body of the pulse evolves over the space-time interval 0 > Oc whose front propagates with the main signal velocity vc given by Eq. (2.12). These velocities are seen to satisfy the inequality c > > > V2 >-> V . The value of 0 c1 may be numerically (experimentally) measured by determining the space-time point at which the field first begins to oscillate physically at co = coc, the value of 0c2 > Ac, may be measured by determining the subsequent spacetime point at which the field first ceases to oscillate physically at c = c, and the value of Oc > Oc2 may be measured by determining the final space-time point at which the field again begins to oscillate physically at co = coc.
NUMERICAL RESULTS
The instantaneous angular frequency of oscillation of the propagated field structure that is due to an input unit-stepfunction-modulated signal of carrier frequency c may be determined directly from the numerically determined field evolution at a fixed propagation distance z when the frequency is considered a function of the space-time parameter 0 = ct/z. The dynamical field evolution at fixed z and co) is calculated here by using the numerical procedure for invert- Oughstun et al.
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Oughstun et al. 8 .00 (3.2) If the instantaneous angular frequency of oscillation for a nonmonochromatic field with zero dc bias is monotonically decreasing, increasing, or fixed over some 0 interval, then the frequency value given by Eq. (3.2) is assumed by the field at some 0 value in the interval (0j, 0j+D) . Such is the case in the evolution of the individual Sommerfeld and Brillouin precursors as well as in the signal evolution that is due to the pole contribution in the dynamical field evolution of a unitstep-function-modulated signal in a single-resonance Lorentz medium, as considered here. For convenience, the frequency value of Eq. (3.2) is assigned here to the middle of the interval (0j, j+,) . With the exception of the lowestfrequency structure present in the Brillouin precursor, this arbitrary assignment results in only an extremely small error in the 0 evolution of the instantaneous angular frequency of the propagated field structure. In Figs. 1-4 the applied signal frequency c is below the undamped resonance frequency co of the medium and hence is below the absorption band of the medium. The dynamical field evolution then begins with the Sommerfeld precursor evolution over 1 0 < OSB, followed by the Brillouin precursor, which evolves over OSB < 0 < 0,, and then by the main signal evolution over 0 > O,, in complete agreement with the modern asymptotic description.' 5 " 7 Because of the low carrier frequency used in Fig. 1 , the Sommerfeld precursor amplitude is nearly negligible in comparison with both the Brillouin precursor and main signal amplitudes and is barely visible in Fig. 1(b) . Because of this, these calculations were not focused on ensuring that the Sommerfeld precursor evolution was always sampled properly; for example, it is sampled sufficiently in Fig. 3(b) but not in Fig. 3(c) . This undersampling is reflected in the 0 evolution of the instantaneous angular frequency of oscillation for the Sommerfeld precursor in Figs. 2 and 4 , but it does not affect the determination of the main signal arrival point Oc (notice that there is no prepulse evolution, since coc < SB here). As shown in Figs. 2 and 4 , the instantaneous oscillation frequency of the Brillouin precursor increases monotonically from zero such that the oscillation frequency of the total field reaches c from below and remains fixed at c for all 0 > 0c.
In passing it is worthwhile to point out that the propagation distance in Fig. 1 (a) is sufficiently small that the propagated field evolution depicted is still in the immature dispersion regime. This is reflected in its associated frequency evolution in Fig. 2 , which is significantly different from that for the field evolution in Figs. 1(b) and 1(c) . The propagation distance in the latter two figures is sufficiently large for the propagated field evolution to be in the mature dispersion limit for which the asymptotic theory applies.
The calculations illustrated in Figs. 5-12 are for input carrier frequencies that increase up through the absorption band of the medium. Again, the signal arrival is preceded by the Brillouin precursor, and the instantaneous angular frequency of oscillation of the field approaches co, from below and remains fixed at co, for all 0 > O.. Notice that the onset and the initial evolution of the Sommerfeld precursor field are not readily visible in these figures because of the large range in values of 0 necessary for reaching the steadystate field evolution. As in the previous set of figures, there is no prepulse evolution, since c < WSB in this set of calculations. Because of the large medium attenuation at these carrier frequencies, the field calculations at the largest propagation distance considered here result in a main signal cw, (which is still less than WSB). Notice that the medium attenuation at coc is still much larger than that over much of the precursor field evolution, so that for the largest propagation distance considered [ Fig. 13(c) ] the amplitude of the main signal evolution is nearly zero. As in the previous set 0S1 (6.
of calculations, this results in an inaccurate evolution of the oscillation frequency, as seen in Fig. 14 . For the dynamical field evolution depicted in Fig. 15 Figures 18 and 20 show that the instantaneous oscillation t the field evolution depicted in Figs. 5, 7, 9, and frequency first reaches c at 0 = Oc,, is equal to w, for 6,2 < 0 < tted by the precursor evolution, particularly at 0 c2, then takes values greater than or less than w, when 0 opagation distances, since the associated attenincreases above 0c2 (because of interference with the Brilch less than that at the input carrier frequency.
louin precursor evolution), and finally stabilizes at coc at 0 = signal frequencies at the lower end of the ab--c and remains at that value thereafter. The prepulse ford (c ~ wo) the dominant field structure at large mation therefore is clearly obtained in these cases, in comdistances is dominated by the Brillouin precurplete agreement with the modern asymptotic theory. The numerically determined values of cl, Oc2, and O at he absorption band to the trailing edge of the each value of w, for these and additional field calculations precursor becomes more noticeable as it interare given in Table 1 along with their associated margins of singly with the Brillouin precursor evolution.
error. The resultant relative signal-velocity values vcl/c = propagation distances are so small, the precur-1/0c1, vc 2 /c = 1/0C2, and vc = 1/c are illustrated in Fig. 21 as I depicted here is primarily in the immature a function of the input carrier frequency wc. The solid dispersion regime. It is clear that an experimental measurement of this propagated field structure would detect only this precursor field (unless the propagation distance were exceedingly small) and consequently would measure a field velocity that is associated with the observed peak in the precursor field. This velocity would be close to the vacuum speed of light, which is much greater than the proper signal velocity.
As the applied signal frequency wc is increased to levels above the medium absorption band, the Sommerfeld precursor field becomes more pronounced in the total field evolution, as is readily evident in Fig. 13 . In Fig. 13(a) the propagation distance is sufficiently small to yield a propagated field structure that is in the immature dispersion limit, wherein the precursor field structure is not yet well defined, whereas in Fig. 13(c) it is large enough to be in the mature dispersion limit wherein the precursor field structure is clearly well defined. The propagated field structure is between these two limits in Fig. 13(b) , in which the interference between the trailing edge of the Sommerfeld precursor and the Brillouin precursor is clearly evident. Although this interference distorts the behavior of the instantaneous oscillation frequency of the propagated field structure, as shown in Fig. 14, a well- curves in the figure depict the corresponding signal-velocity branches as given by the asymptotic theory,' 5 " 7 and the dashed curve describes the frequency dependence of the energy-transport velocity for a monochromatic field, as given by Loudon.' 9 As can easily be seen, excellent agreement between the purely numerical results of this study and the description afforded by modern asymptotic theory is maintained over the entire frequency range.
DISCUSSION
The results of this numerical study of both the dynamical field evolution of a unit-step-function-modulated signal in a Lorentz medium and the associated signal-velocity branches have provided a completely independent verification of the description afforded by the modern asymptotic theory.' 5 "1 7 In addition, a physical definition of the signal velocity has been provided that demonstrates the physical propriety of this velocity measure in dispersive pulse propagation. Finally, notice that this velocity measure does not peak to the vacuum speed of light near resonance as reported in Ref. 14 for a Gaussian pulse. The results of this analysis indicate that these experimental measurements are of the velocity of the peak in the Sommerfeld precursor field, which travels at a velocity near c.
